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1 Introduction and Statement of main results
1.1 Motivation

This paper is a continuation in a series of studies started in [46] when we asked
for natural generalizations of Brownian motion of a single point to the case of
an infinite or diffuse interacting particle system with conserved total mass. As
critical consistency condition with respect to the trivial case of the empirical
(Dirac) measure following a single Brownian motion we put the requirement
that the local fluctuations of any such probability measure valued diffusion
{p}e>0 € P(R?) be governed by a Varadhan formula of the form

d3 A
P{p1c € A} ~ exp (—W(;‘;)) , e<1, AcCPRY,

where dyy denotes the quadratic Wasserstein distance on P(R?).

Physically, this means that the spatial fluctuations of such a measure valued
process p. should become high at locations where density of u; is low and vice
versa, i.e. scaling of diffusivity is inverse proportional to density. On the level
of mathematical heuristics we can combine the required Wasserstein Varadhan
formula with Otto’s formal infinite dimensional Riemannian picture of optimal
transport [43] to obtain SPDE models of the form

dpe = F(pg)dt + div(y/m,dWe),  pe € P(RY),

where dW. is a white noise vector field on R? and F is a model dependent
drift operator. The canonical choice

F(.ut) = /BAMt’ B > 07

yields the so called Dean-Kawasaki equation for supercooled liquids appearing
in the physics literature [14, 29, 30, 8, 15, 16, 48, 40, 54] (see also [12, 11, 22]
for the regularised versions of the Dean-Kawasaki equation) but in [34, 33] we
show that this equation is either trivial or ill posed, depending on the value of
B. However, as shown in [46, 4], in d = 1 for 8 > 0, and more recently in [35] for
B = 0, the model has non-trivial martingale solutions if one admits a certain
additional nonlinear drift operator I'z(u:)dt as correction. The correction is
the same for all 8 > 0 such that we arrive at the family of models

dpy = BApdt + Iy (pe)dt + div(y/i, dWy),

where i € {0,1} depending whether 5 = 0 or 8 > 0. The two expressions
for I'y and I are similar, but the constructions of the solutions for the two
cases are very different. In [46] we use abstract Dirichlet form methods, in
[35] we construct an explicit system of a continuum of coalescing Brownian
particles of infinitesimal initial mass which slow (i.e. cool) down as they ag-
gregate to bigger and bigger macro-particles before they eventually collapse
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to a single Brownian motion. At positive time the system consists of finitely
many particles of different sizes almost surely, such that the distribution

L) =5 S 6

z€supp(pe)

is well defined for ¢ > 0.

The point of departure of this work is the question whether there is a
reversible counterpart to the coalescing particle model for the 8 = 0 case. In
terms of the analogy to the Arratia flow [6] (see also [7, 21, 18, 19, 47, 51, 42,
53, 59, 56, 57, 36, 37, 23, 55, 49]) this means that we ask for a Brownian Net
[55] type extension of the modified Arratia flow from [32, 41, 35] which should
then include also particle break-ups but still satisfies the characteristic scaling
requirement regarding the diffusivity of the aggregate particles. We note that
very recently a particle model without interaction in dimension d > 2 which
satisfies a similar martingale problem was considered in [50].

1.2 Heuristic Description of the Model

The main result of this work is an affirmative answer. We give it by construct-
ing in rather explicit way a new family of measure valued processes on the real
line which solve the same martingale problem for § = 0 and I; = I} as the
modified Arratia flow in [35], which satisfy the Wasserstein Varadhan formula
and which are reversible. In this sense the new processes interpolate between
the two previously known models.

As in the case of the modified Arratia flow, the model describes the motion
of an uncountable collection of particles which are parametrized by the unit
interval as index set and move on the real axis. It is assumed that the initial
parametrization is monotone in particle location. The dynamics will preserve
the monotone alignment, hence a state of the system at time ¢ is given by a
monotone real function X; : (0,1) — R, i.e. X¢(u) is the position of particle
u at time t. The corresponding empirical measure of the state is given by
pe = (X¢)%(Leb) € P(R) (image measure of Lebesgue measure Leb on [0, 1]
under X;). We call the atoms of u; empirical particles, the size of an atom
located in « € R at time t given by m(z,t) = Leb{u € (0,1) : X;(u) = x}.

The basic idea for the construction of p. is to use (sticky) reflection inter-
action when particles are at the same location. As for the ’stickiness’, particles
sitting at the same location will be subject to the same random, i.e. Gaussian
perturbation of their location. Since they share a common perturbation the
net volatility of this perturbation is scaled in inverse proportional way by the
total mass of particles occupying the same spot, i.e. the size of the empirical
particle at that location. Second, the random perturbations at different spots
are independent.

For the ’reflection’ part of the interaction we assign once and for all times
to each particle a certain number

[0,1] 2 u > &(u) € R,
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which we call its interaction potential. The function £ is a free parameter of
the model.

In addition to the random forcing described above, each particle will also
experience a drift force given by the difference between its own interaction
potential and the average interaction potential among all particles occupying
the same location. As a consequence, if all occupants of a certain spot have
the same interaction potential, none of them will feel any drift. (As they also
share the same random forcing, in this case they will move but stay together
for all future times.) Conversely, big differences in interaction potential lead
to strong drift apart among the particles sitting at the same location.

The most physical choice for £ is that of a linear function £(u) = \u with
some A > 0. In this case the break-up mechanism for an empirical particle
depends only on its size. As a result, A controls the strength of the break-up
mechanism.

Simulation Results

Below is a simulation of the empirical measure process u;, t > 0, for £ = id
starting from pg = dg. Grayscale colour coding is for atom sizes. The red line is
the center of mass of the system which is always a standard Brownian motion
regardless the choice of &.

0.0 0.2 0.4 0.6 0.8 10

We also show the trajectory of the total number of atoms. The red curve shows
a mollified (moving average) version of the same plot for better visibility.
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Finally we plot the cooresponding history of induced partitions of the unit
interval [0, 1], where a dot represents the common boundary of two adjacent
compartments belonging to two neighbouring atoms of p.

1.3 Rigorous statement of main results

We will present now our main result in a rigorous fashion in terms of the
measure valued process p. assuming values in the set P2(R) of Borel probability
measures on the real line with finite second moment, i.e.

Pa(R) = {p € P(R) : ma(p) = / 22p(d) < o0}
R
We equip P2(R) with the topology ws of weak convergence under uniform
bounded second moment condition, i.e.

pn — p weakly and

n —w =
r 2 P {m2<pn>%m2<p>.

The free parameter of the model is given in terms of some 7 € Pa(R), or
equivalently by the choice of £ = g,, where for p € P»(R) we denote by g, its
right continuous quantile function, i.e

[0,1] > u— g,(u) :=inf{x € R: p((—o0,2]) > u}.

Given 7 € P2(R) we introduce the set of all monotone transformations of
7, i.e.

P (R) :={p € P2(R) : p= hy(n) for some non decreasing h : R — R},
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which is a wy-closed subset of Py (R). Finally, we write

Pg(R):{p:Zakézk: Zakzl, ar >0, zp €R, k=1,...,n, nEN}

k=1 k=1

for the subset of purely countably atomic probability measures on R, and for
p € P(R) we set

= 3 s eP(®)

ZEsupp p

Below we will work with the algebra of (smooth’) functions F on Pa(R)
which is generated by functions of the form

F(p) = o((h, gp)) - ©({[, p))

= ¢(<ha9p>) ¢(<f ng>)a

where ¢,1 and h belong to C§°(R), f € C*([0,1]) and (-,-) denotes the
standard Lo (dz) resp. duality product for measures vs. functions on R or [0, 1]
and (-) is integration against the uniform (Lebesgue) measure on [0, 1]. Writing
F(p) = ®(yg,) for F' € F we define the gradient of F € F by

— L
DF, :=pr, V2P, ,
where V2@ denotes the standard Lo (dz)-gradient of @ which is defined by
<VL2@|97 h> = 35\5:0¢(9 + 5h)7 Vh € L2[07 ]-]7

and pry, denotes the orthogonal projection in L5[0,1] onto the subspace of
functions which are measurable with respect to the o-field o(g,) on [0, 1] gener-
ated by the function g,. We will also use the projection prj to the complement,
ie. prgL h=h—prgh.

With these preparations we can summarize the main result of this paper
as follows.

Theorem 1 Forn € Py(R) there exists a measure =" on P?(R) with supp =7 =
PJ(R) such that the quadratic form

E(F,F) = / IDLFC)2, 0.0 Z7(dp), F€F,
P (R)

is closable on Lo(Py, EM), its closure being a local quasi-regular Dirichlet form
on Ly(P3,EM).

Let g, t € [0,€), the properly associated Py (R)-symmetric diffusion process
with life time ¢ > 0. Then

i) for almost all t € [0,() it holds that ps € P§ almost surely;
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ii) for all f € C§°(R) the process

M= ) = 5 [ Gl s

18 a local martingale with finite quadratic variation process

M), = / (pes ()2 ds;

iii) for all h € C*([0,1]) the process

- 1 rt
M" = {(g,,, h) — 5/0 (prglus h, gn)ds

18 a local martingale with finite quadratic variation process

t
1", = / oty Bl 0.0ds:

iv) for all measurable A,B C PJ with 0 < Z"(A)Z"(B) < oo and A or B
open it holds that

&2, (A, B
lim ¢ - In P(uo € A, € B) = — A B)
t—0 2

where dyy (A, B) = essinf(, xyeaxp dw(p, A).

Remark 1 1) Property ii) in the theorem above is equivalent to saying that p.
is a martingale solution to the SPDE

d,U/t = FQ(/Lt)dt + div (\/’Etth)

if one works with the canonical set of test functions of the type p — @(p) :=
o((f,p)) with ¢, f € C§°(R). This collection of test functions is commonly
used in the theory of measure valued diffusion processes. Since ii) holds true
regardless the choice of n € P2(R), it is clearly not sufficient to characterize
the process p.. This shows in particular that the martingale problem encoded
by ii) alone is not well posed. For instance, the solution given by the modified
Arratia flow in [35] is obtained by choosing n = ¢, for some z € R, which,
however, is not reversible.

2) In fact, property ii) will be a rather straightforward consequence of
the stronger assertion iii), which is equivalent to the statement that process
X = gu,, t €[0,(), is a weak solution to the SDE in infinite dimensions

1
dX; = 5 pry, £dt + pry, AW,

where £ = g, and dW is Ly[0, 1]-white noise. This representation is the justi-
fication for the heuristic description of the model in the previous section. As



8 Vitalii Konarovskyi, Max-K. von Renesse

discussed in [35] the modified massive Arratia flow solves the same SDE with
& = const., i.e. n = 0, for some z € R.

3) Property iii) together with the fact that supp =" = PJ imply in partic-
ular that the process p. explores the entire Py -space. Note that Py = Py iff n
has no atoms.

4) In Section 6 below we give a first condition assuring infinite lifetime
¢ = oo. This will be the case if e.g. n([a,b]) = 1 for some a < b and n({a}) -

n({b}) > 0.

Remark 2 Our construction given in the subsequent sections is strongly related
to diffusion processes on domains with so called sticky-reflecting boundary
conditions. In fact, as in [46] we will cast the measure valued process p. in terms
of the associated process of quantile functions X. = g, , assuming values in
the set DT of non decreasing functions on [0, 1]. We view D' as a closed convex
cone embedded in the topological space L2[0,1]. As our main and critical step
we construct the measure = = Z¢ on DT which allows for an integration by
parts formula to obtain a closable pre-Dirichlet form

E(F.F) = / IDF, |2, 5 (dg).
DT

As a subset of Ly[0, 1] the space DT has no interior since D' is dense in
DT, hence we need a non-standard construction of a candidate measure =. Our
approach is to define = on the subset ST of piecewise constant non decreasing
functions. The set ST = |J7_, S} has a natural structure as a generalized
non locally finite simplicial complex, where each S| is the collection of all
piecewise constant n-step functions. In this picture each connected component
of the relative affine interior of S} can be viewed as an n-dimensional face of
ST which is the common boundary of uncountably many (n + 1)-dimensional
faces that are parametrized by points in appropriate simplex. The measure
Z¢ is then obtained by putting an n-dimensonal measure =5 on each S} for
all n in a way which is consistent with the hierarchical structure of ST. As a
result we obtain a measure on a simplicial complex with positive mass on all
faces of arbitrary dimension. In this picture the gradient operator appearing
in the Dirichlet form above is obtained as projection of the full gradient to the
effective tangent space on the respective faces and is therefore geometrically
natural. The outcome is a Dirichlet form which generalizes the case considered
e.g. in [26] to the (infinite dimensional) case of sticky-reflecting behaviour in
piecewise smooth domains along embedded boundaries but now of arbitrary
codimension.

The structure of this work is as follows. After some preliminaries we start
off in Chapter 3 by introducing the model in a special case when the sys-
tem consists of a fixed finite number of atoms with prescribed masses. The
atoms can coalesce and fragmentate, but fragmentation is allowed only in ac-
cordance with the initially assigned mass portions. This chapter exhibits the
basic mechanism of the system in a finite dimensional situation.
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Section 4 contains the construction of the measure =¢ in the general case.
We identify its support and show certain moment bounds which are critical
for the quasi-regularity of the Dirichlet form which we introduce in Section 5.
The core result of Section 5 is the integration by parts formula which is needed
for closability. In Section 6 we establish quasi-regularity. We also show con-
servativeness in a special case. Section 7 is devoted to the identification of the
intrinsic metric which leads to the desired Varadhan formula by applying a
general theorem by Ariyoshi and Hino [5]. In Section 8 we wrap up the results
in terms of the induced measure valued process and the related martingale
problem.

2 Preliminaries

For p € [1,00] we denote the space of all p-integrable (essentially bounded if
p = oo) functions (more precisely equivalence classes) from [0, 1] to R with
respect to the Lebesgue measure Leb on [0,1] by L, and || - ||, is the usual
norm on L,. The inner product in Ly is denoted by (-,-). Let DT be the set
of cadlag non decreasing functions from [0, 1] into R = R U {—o0, +00}. For
convenience, we assume that all functions from DT are continuous at 1. Let
L; be the subset of L, that contains functions (their equivalence classes) from
DT.

Note that L} is a closed subset of Ly, by Corollary A.2. [31]. Consequently,
L1 is a Polish space with respect to the distance induced by || - [|2.

If f = g a.e., then we say that f is a modification or version of g or g is a
modification or version of f.

Remark 3 Since each function f from Lg has a unique modification from Dt
(see, e.g., Remark A.6. [31]), considering f as a map from [0, 1] to R, we always
take its modification from DT.

We set for each n € N
E"={z=(v1,...,2p) €ER": 2; <441, i € [n—1]}
and
Ef ={z=(x1,...,2n) € R": x; <2411, i € [n—1]},
where [n] = {1,...,n}. Also let

Q"={g=(q1,- -y qn-1): 0< 1 <...<gn-1 <1}

for all n > 2. For convenience, considering ¢ from Q", we always set ¢o = 0
and ¢, = 1.

Next, for g € Lg we denote the number of distinct values of the function g
(that belongs to DT according to the previous remark) by f#g. If #g < oo, then
g is called a step function (g takes a finite number of values). The set of all
step functions we denote by ST.
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Remark 4 If g = n, then there exist unique ¢ € Q™ and = € EJ such that

n
g = inﬂ[qi,l,qi) + xnﬂ{l]w

i=1
where 4 is the indicator function of a set A.

If E is a topological space, then the Borel o-algebra on E is denoted by
B(E).

For any family of sets 7 we denote the smallest o-algebra that contains H
by o(H). Similarly, o(f) = o ({f71(A): A€ BR)})={f"1(A): AecBR)}
for a function f taking values in R. For g € Lg let 0*(g) denote the completion
of the o-algebra o(g) with respect to the Lebesgue measure on [0, 1] and pr,
be the orthogonal projection operator in Ly on the closed linear subspace

Lo(g) :={f € Ly : fis 0*(g)-measurable}.

By Lemma 1.25 [28], 0*(g) and L2(g) are well-defined for each equivalence
class g from LJ. Also we set L}(g) = La(g) N L.

Remark 5 (i) For each h € Ly the function pr, h coincides with the conditional
expectation E(h|o*(g)) on the probability space ([0, 1], £([0, 1]), Leb), where
L([0,1]) denotes the o-algebra of Lebesgue measurable subsets of [0, 1].

(ii) For each h € Lo, E(hlo*(g)) = E(h|o(g)) a.e.
(iii) The projection pr, maps the space Lg into Lg.

3 Finite system of sticky reflected diffusion particles

The aim of this section is to construct a finite system of diffusion particles
on the real line with sticky-reflecting interaction. Also this section gives a
motivation for the definition of the system in the general case. We will use a
Dirichlet form approach for the construction of the system. In particular, we
use ideas from paper [26] for the description of the sticky-reflecting mechanism.
Here we fix n € N and numbers m; € (0,1], ¢ € [n], with m1 +... +m, =1,
which play a role of a number of particles and particle masses respectively.

3.1 Some notation

Let ©™ denote the set of all ordered partitions of [n]. We take § = (01, ...,0,) €
O™ and denote the number of sets in the partition 6 by |6], i.e. |§] = p. Let

Eg={ze€E": z;=2; & 1,j€b, forsome ke ]|}

Remark that the sets Ey, Ey: are disjoint for 6 # 6" and E™ = | Jycgn Eo-
Let Ry be the bijection between Fy and E!?! defined as follows

Ro (z1,.-520) = (Y1, -+, Yj9))5
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where y, = x; for some ¢ € 0, (and, consequently, for all i € 0, since x € Ey)
and k € [|0|]. The push forward of the Lebesgue measure Ajg; on FE!° under

the map R;l is denoted by A\g. We note that Ay and Ay, are singular if 6 # 6'.
Let Ag be the n x n-matrix defined by

Ay = diag{A91a ) Aap}v
where
1 VAL TARIRVA LT
My VALV LT Y
for 9k = {ik, e ,jk}, I < ... < jk, and mg, = Zz’eak m;, ke [|9H
We say that f : E™ — R belongs to C3(E™) if it has a compact support

and can be extended to a twice continuously differentiable function fon an
open set that contains E™. Set 52~ f(z) := 5> f(z), x € E", i € [n]. Let

Ag, =

k

Vof(z):= <\/%aif(R,,1(y))|y:Re(£))ke[9H, x € Ey,
and
_ 10| 1 8 »
Do f(x) :=Tr (AgA5 V2 f) = ; o a2 B W)lyopy o 7 € B

for f € C2(E™), where AT denotes the transpose matrix.

3.2 Definition via Dirichlet forms

We define the measure A, on E™, that will play a role of an invariant measure
for a system of particles, as follows

Ay =Y coho,
oeon

where cg, 0 € O™, are positive constants that will be chosen later, and consider
the following symmetric bilinear form on Lo(E™, A,,) defined on all functions
f,g from CZ(E™)

E1.9) =5 3 [ (Tof@), Taglaho du(do)

ocen
~ly / %if(R’l( -2 gy ) -2 | Aoy (dy)
29€@n ’ Bl \ 15 Oy o \Y 8ykg 6 \Y me, oY),

where (z,y)rr = > p_q TkYk-
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For each 8 € ©™ we denote

00 = {9/ cO": ¢ = (91, ey 01,04 U9k+179k+27~ .. ,0|9‘)
for some k € [|0] — 1]}

and define for 6’ = (0}) € 00 the vector b??" e R™ as follows

1 B
e, i € O,
0,0 1 . .
bi = Moy’ S 9k+1, 1€ [Tl],
0, otherwise,

where k satisfies 6 U 041 = 6)..
Using integration by parts formula, it is easily to prove the following state-
ment.

Lemma 1 For each f,g € C3(E™) the relation

Ef.9) == [ Lnf@)g()an(da)

holds, where

3 3 Bef@)le, () + 5 3 0, VI@)ls, ()

969" ocon

1 .
0 2 : 0,0
b’ = 769 Céb .

0:0€00

and

It is obvious that (L,,, CZ2(E™)) is a non negative self-adjoint linear operator
on Ly(E™, A,). Consequently, the bilinear form (&,,C2(E™)) is closable, by
Proposition 1.3.3 [39]. We will denote its closure by (£,,D,,).

Theorem 2 (i) The bilinear form (E,,D,,) is a densely defined, local, reqular,
conservative, symmetric Dirichlet form on Lao(E™, Ay,).

(ii) There exists a (Markov) diffusion' process
X" = (‘an]:nv {f?}tz()v {Xgl}tZO’ {PZ}xEE")

with state space E™ and infinite life time that is properly associated with
(&n,Dy).

(#i7) The process X™ is a weak solution in E™ of the stochastic differential
equation

dX7 =Y Aglg,(X]")dw(t Z Wlg, (XM)d
ocon 2 jcen (1)
Xy ==

1 see Definition V.1.10 [39]
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for En-g.e. x € E™, where w(t), t > 0, is an n-dimensional standard Wiener
process.

Proof The proof of theorem follows from standard arguments (see e.g. Sec-
tion 3 [26]). O

Choosing constants ¢y, 8 € @™, by a special way, we can simplify equa-
tion (1). Let Py be the matrix defined similarly as Ay with /m; replaced by
m; for all i € [n].

Remark 6 If the space R™ is furnished with the inner product (z,y) = Y7 z;y:m;,
z,y € R™ then the linear operator

x— Pyx, xR,

is the orthogonal projection on Ry, where Ry C R" is defined similarly as Fy
with E™ replaced by R™.

We also set P, := Py for each x € Ejy.

Proposition 1 Let ¢ € Ef. If

6] [0]—1
Cop = H me, H (%gﬂ - Cig) , 0eo, (2)
k=1 k=1

where iz = max 0y, then b’ = ¢ — Pysc. Moreover, the process X is a weak

solution in E™ of the stochastic differential equation

1
dX" = PxndB(t) + ~(c — Pxn¢)dt,
¢ X7 ()+2(§ X7S) 3)

Xy ==z
for En-q.e. x € E™, where B(t), t > 0, is an n-dimensional Wiener process
with ;

Proof First we show that b’ = ¢— Pys. So, let § € O™ be fixed. We will suppose
that 6 # ({i})ie[n), since the case 6 = ({i});e[n) is trivial. We also fix j € [n]
and take k such that j € 6.
Let
J := min by, j = max 6

and for each I € {j,...,j — 1} we denote the sets {j,...,l} and {{+1,...,5}
by {< 1} and {> [}, respectively. Noting that b?’a =0 for all § € O™ satisfying
0 € 99 and 6, U ékH % 0, it is easily seen that

1 -1 0.0

o — Elel‘celb]‘ )

J
0,

<7,
j

. .

)
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where 6 € 90" with 0], = {< [} and 0}, = {> [}. We assume that j < j,
otherwise bg- =¢; — (Pps); = 0. The simple computation gives

Cyt mi<iymi>;
Cot _ THSUTHD }(§l+1 -q)
Co me,
and
-1 1>
01,9 _ m{<l}7 =
NIV iy
m{>l}’ .]7

for all I € {j,...,j — 1}. Hence,

o -
L
bg m Zm{ﬁl}(gurl —q) - Zm{>l}(§l+1 - <)
o L= I=j
. ! i
T g, |1 T Zmlq Tmsi-11G — me
O L l=y l=j
1 Jd
=S - me =¢; — (Pys);-
mgk =

Thus, b’ = ¢ — Pys.

The equality of the diffusion parts of (1) and (3) is trivial for B;(t) = 1\“/7%),
i € [n]. The proposition is proved. O

The following example shows that one cannot expect that equation (3) has
a strong solution.

Ezample 1 Let n =2, m; =my = 3 and ¢ = (0,1). Then X; = (z1(t), 22(t)),
t > 0, solves the equation
dl’l(t) = \/i]l{zl(t)yé:m(t)}dwl(t)

dwl(t) + dwo (t) 1
o= =5 ~ glmw=med

dy(t) = V2N, (1)ws (1)} A (t)

Hnw=eoy— 75—+ jlmw=rned

where (wi,ws) is a 2-dimensional standard Wiener process. Taking

n(t) = 2000 gy = 2OER0 s

it is easily seen that y; and yo are weak solutions of the equations
- 1
dy1(t) = Iy, (1)>0ydwn (t) + Zﬂ{yl(t):o}dta
dy(t) = da(t).

But the equation for y; has no strong solution, according to [20].
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4 o-finite measure on Lg

Now we want to transfer the results obtained in the previous section on the
space of all non increasing functions and construct a process on the space Lg
that is similar to the process defined in Proposition 1, since in this case we
have a good description for the drift term. First of all, we need a measure on
Lg that will play a role of invariant measure for the system of sticky reflected
particles for any non decreasing function ¢ (instead of the vector ¢). Moreover,
this measure should coincide with the measure A, (where ¢y, 8 € O™, are
defined by (2)) for a finite number of particles. The construction of such a
measure is the aim of this section.
Hereinafter £ € DT is a fixed bounded function.

4.1 Motivation of the definition

Here we will make some manipulations with the measure 4,, in order to guess
the needed measure. Let n € N, m; = %, i € [n], and the constants ¢y from
the definition of A,, be defined by (2) for some ¢ that will be chosen later. We
transfer the measure

6] [0]—1
An = > | ] me. 11 (Sioq1—<io) | Ao
fco™ k=1 k=1

on Lg by the map

x— G(z) = Zl‘iﬂ[i—17i‘), r e EBE™
i=1

n

So, 1et~/Tn be the push forward of the measure A,, on E™ under the map G.
Then A,, can be written as follows

19] o]—1
A= [ TIma I Giosr —<i0) | Almay,- - may,),
gcon \ k=1 k=1
where X(TTL@I, ...,mg,, ) is the push forward of the Lebesgue measure Ajp on

Ell under the map z +— Y1, 2]
k€ [10]). |

Setting O = {0 € ©" : [0] =p} and ;41— ~ Ler (L) (if € is continu-
ously differentiable), it is easy to see that

-3 (1] (e (3) 2 (29

arsn,ar)s With ag = 0, ax, = me, + ax—1,

p=16eOp Lk=1 k=1
n —1
Ll 1 |5 Lh+...+L\|~ /L l
s [k e () (et
p=119,..., lp >1 k=1 k=1
14+ +lp=n
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Thus, we see that the relation consist of Riemann sums. So, we replace the
measure A, by

n p—1
Z/Tl ----- rp—1 >0 (HT’C) (1_7”1_...—%71)
p=1 k=1

ri4 et rpo1 <1

p—1
.(Hgl(Tl—l—...—l—Tk)))\(Tl,...,rp1,1—7"1—...—Tp1)d7‘
k=1

n

- Z/O <H(‘Ik - qk—l)) (1:[ 5’(%)) ANaig2 —qi--y1—qpo1)dg
<q1<...<gp—1<l \ 4

o = k=1
n P B
:Z/ H(Qk—qu) Mg, g2 —quo. 1= qpo1) dE®P7V(g),
p=1 0<q1<...<gqp—1<1 \p—1

where go = 0 and g, = 1 in the product.
In the next section we will use the obtained expression for the definition
of the needed measure.

4.2 Definition of an invariant measure on Lg

First we define a measure =, on Lo for each n € N, supported on step functions
with at most » — 1 jumps. Let x,, : Q" x E™ — Lg with

Xo(@,2) =Y @ilig_, g + 2aliy, @ €E", geQm, (4)
=1

and
xi(z) =Ly, x€R.
Denote for all ¢ € @™, n > 2, the push forward of the Lebesgue measure A,
on E™ under the map x,(q,-) by vn(q,-), i.e.
vn(q, A) = Apf{x s xnlg,x) € A}, A€ B(LEL

and set

n

ETL(A) = /Q" (H(qi - Qi—1)> Vn(qu)dé.@(nil)(Q)v Ae B(Lg),

i=1

where an .. de®=1(g) is the (n — 1)-dim Lebesgue-Stieltjes integral with
respect to 2D (q) = &(q1) ... - €(gn_1). We also set

(A =M{zeR: 1(z) e A}, AcB(L). (5)
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Now we define the measure on LI, that will be used for the definition of
the Dirichlet form in the general case, as a sum of =), that is,

ZE =5+ Z/ < _Qi1)> vn(q,-)dE®™ 1 (q).

Remark 7 If £ = xn(q, <) for some ¢ € Q™ and ¢ € EJ, then a simple calcula-
tion shows that = coincides with the push forward of the measure A, on E™,
defined in Section 3.2, under the map © — x,(q,x), z € E™, for m; = ¢; —q;—1,
i € [n], and ¢y, 0 € O™, given by (2).

4.3 Some properties of the measure =

In this section, we prove some properties of the measures = and =, n > 1.
Define on @™ the measure pg as follows

A) = / H(Qz —q;1)de® N (g), AeB(Q"), n>2.
A

Lemma 2 For each n € N,
1) =, is the push forward of the measure ug @ A, under the map xn, if n > 2;
3
(ii) Z, is o-finite on L} and
_ 2T
:n(B ) <

(@) €0 €0,

where B, = {g € L} : |gll2 < r};
(i1i) =,({g € LT fg #n}) =0, where g denotes the number of distinct values
of g (see Sectzon 2).

Remark 8 We note that {g € LT fg #n} e B(L ) since {g € LT g <n}
is closed in Lg.

Remark 9 Property (ii) of Lemma 2 immediately implies that = is a o-finite
measure on L} with Z(B,) < .

Proof (Proof of Lemma 2) (i) follows from the definition of the measure =,
and Fubini’s theorem.
The equality v, (q,{g € LT fg #n}) =0, for all ¢ € Q", implies (¢ii).
Let us note that (i) is obv1ous for n = 1. We prove (ii) for n > 2. Let
q € Q™ be fixed. We first estimate

(q, = A\n {l’ € E": ||Xn(Qa I)H% < T2}

=\, {er”' Zx qi — Gi—1) ’I“2} (6)
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Here )\, {x eE™: YU w3 (qi — qi1) < r2} is estimated by the n-dimensional
volume of the ellipsoid lel 22(q; — qi—1) < r% Thus,

<

where n! is obtaining by symmetry. The lemma is proved. O

The following lemma is important for the proof of the quasi-regularity of
the Dirichlet form in Section 6.1.

Lemma 3 Let C >0,q € [,2], pr € [2,00) and | € [1,00) such that
= + £ — % § 3 and r < p. Then there exists a constant C which only depends
on C? and | such that

sup / gl ]| pry RIE Loy, <cy E(dg) < O,

where H={h € Ly : ||h]|q <1}.

Proof First we estimate [, [lgLl| pry b3 =, (dg) for cach n > 2 and [[1]], < 1,

where B = {g e L} : |lg|l- < C}.
So, by the deﬁmtlon of =), we have

/Bugu | pr, bl Za(dg) = / H i)

n 5 2
J (lelp( e 1) [Prstam B Toe Cn (@) A (d2) | a2 (q).
" \i=1

Next, let (¢, z) € Q™ x E™ and x,,(¢q,2) € Bc. Then

Ixn (g, 2)|l7 = Z lzil" (¢ — gi—1) < C".
Thus, |z;| < ﬁ, 1 € [n], and, consequently,
qi—Qqi—1)"
n n
_P
(@, )5 =" |2l (i — ¢i1) < CPY (g —qi1)' 7. (7)
i=1 i=1

Similarly, if || Py, (q,2) hllq <1, then

= _2
DTy, gy 23 <D (0 = gim1)' 77 (8)
i=1
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We note that by Remark 5 (i) and Jensen’s inequality, we have that |||, <1
implies || pr, bl < 1. Indeed,

I pry 2§ = E[E(hlo*(9))|" < EE(|h|*|o*(9)) = E|n|* = |[B]I§ < 1.

So, (8) holds for any h € H. Hence, using ¢; — ¢;—1 < 1,4 € [n], (8) and (7),
we can estimate for each h € H

N
H qi — qi—1 <Z|xz|p i — Qi 1)) ’ ]IBc Xn(q7 ))
=1
< ' ta = a0 (Z(Qi qi_1)17> (Z(Qz i-1) 3)
i=1 =1 =1
< v [J(ai — ai-1)® (Z(qz qz_l)gl"?z*l)
i=1 i=1

€ 1
< v (g = 4—1) ¥ s (xn(a. @),
=1

and 7 < p. Hence, by (6) and the inclusion B¢ C {g € L :
, we have

el 2 l
1f;+a_5§
lgll < C},r>

3
2
2
/. Vall o, 113 2. o)
z+1 i % I e \,(d d ®(n—1)
/nH a0t [ T utaontan| a5 0q)
:C’ln%+1/ H(qz 7qi_l)%yn(%Bc)dé-@(nfl)(q)
"i=1

2 Ol Hln i+

£(1) — )"

nI" (%)
o ox 3ot Et 1
We note that >~ , %(5(1) —&(0))" ! < o0 and
c
sup | lolplon, 3 51de) < [ ol
heH —C
since ||gl, = llgll2 and || pr, hllz = || pr, All; < [|h]l; £ 1 Zi-a.e. Hence, the

integral ch ||g||§)||prgh||§E(dg) is uniformly bounded on H by a constant
that only depends on [ and C'. The lemma is proved. a

Lemma 4 = {g e LL: gl # g3 as pl2} =0
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Proof The proof immediately follows from the definition of the measure = and
the fact that for all n > 2 and ¢ € Q",

Un (¢, {xn(g,2) : € E" and |Ixn(q, @[5 4 lIxn(g,2)|3, p12})

=An{x€E":§n:wf (@i — qi-1) #Zw - qi-1), p¢2}=0
=1

4.4 Support of the measure =

Recall that L] (¢) denotes the subset of all o*(¢)-measurable functions from

L/Qr. Let pe denote the Lebesgue-Stieltjes measure on [0, 1] generated by the
function &, that is, pe((a,b]) = £(b) — &(a) for all a < b from [0, 1].

Proposition 2 The support of = coincides with Lg(§).

Remark 10 If £ is a strictly increasing function, then Lg(f) = Lg and, conse-
quently, supp = = Lg.

To prove Proposition 2, we need several auxiliary lemmas.
Lemma 5 Ifh e S™n Lg(f) and s is a jump point of h, then s € supp pe.

Proof Suppose that s ¢ supp pe. Then there exists € > 0 such that pe((s —
g,8s+¢]) = 0. So, (s — &) = &(s + ). By Proposition 14, we have that
h(s —e) = h((s +€)—). But this contradicts the assumption that s is a jump
point of the non decreasing function h. ad

Lemma 6 Let g, h € L;r and h is a step function. Then pryh is also a step
function.

Proof The proof if given in the appendix. a

Proof (Proof of Proposition 2) Step I. First we show that LI(¢) C supp =.

Let g € L1(¢) and & > 0. We need to show that Z(B.(g)) > 0, where
B.(g9) = {h eLl: |lg— - h|l2 < e}. Since the set of all step functions ST is
dense in L], there exists € ST such that ||g — hl|2 < . Hence,

lg —pre hlla = [l pre(g — M)l < [lg — hll2 <e. (9)

Setting h = prgﬁ and using Lemma 6, we have that h is a step function that

belongs to B.(g) N L}(€). By Remark 4, there exist n € N, 7 € Q" (if n > 2)
and y € E} such that

h= yilly )+ yalpy.
i=1
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If n = 1, then it is easy to see that = (B:(g)) > 0. This implies =(B(g)) >
0. So, we give the proof for n > 2.
Using the continuity of the map F': Q" x Eff — R given by

F(g,7) = |9 — xu(g, ||2—Z/ Vds, (q.0) € Q" x EY.
qu

where Y, is defined by (4), and the inequality F(r,y) < &2 following from (9),
we can conclude that there exist neighbourhoods of r and y given by

R={qeQ": |gi—ri| < icn-1]}, Y={reR": |[z;—y| <4, i€ [n]}

such that Y € E™, [[/_,(¢; —gi—1) > 0 and F(q,x) < 2 for all (¢,2) € RxY.
Thus, trivially, x»(q,z) € B:(g) for all (¢g,2) € R x Y. So, we can estimate
Zn(B:(g)) from below as follows

E / H —qi—-1 (L H{m Xn(qw)EBa(g)})‘n(dx)) d£®(n71) (q)
>5/ (/ )df@(n 1) _6n+1H,U/.£ (57"1—1—5))

Since h belongs to ST N Lg(f) and r;, 1 € [n — 1], are its jump points,

H'“f — 0,1 +9)) >

by Lemma 5. Hence = (B.(g)) > 0 and consequently, L;({) C supp =.

Step II. Here we establish that for all g € L)\ LI(¢) there exists e > 0
such that Z(B.(g)) = 0. Let g € Lg\Lg(g) be fixed. Using Proposition 14, we
can find a,b € [0, 1] such that {(a) = £(b) and g(a) < g(b—). Thus, for some
€ (0,b—a)

g(a) < g(b—0) < g(b).
This inequality and the right continuity of g imply that ¢ is not a constant
a.e. on [a,b].
Next we claim that there exists € > 0 such that

B.(g)NLy C{heL]: h(a)<h(b)}. (10)

Indeed, let for a fixed & > 0 (which we will choose later) we can find h from
B.(g) N L] that is a constant on [a,b]. Then

1 b
lg = Rhl3 = /0 (9(s) = h(s))*ds > / (g9(s) — h(a))*ds

b b 2
2/ (g(s)—bia/ g(r)dr) ds =¢¢ > 0,




22 Vitalii Konarovskyi, Max-K. von Renesse

because ¢ is not a constant a.e. on [a, b]. Hence, for ¢ < gy the inclusion (10)
holds.
Now we are ready to estimate = (B.(g)) for any fixed ¢ < . So,

Z(B.g) == ({h e L: h(a) < h()} N B(9))
—Z /. H ~ v (a.0h € L1 ha) < BB} N Bulg)) g™ (o)

Let n>2 and

ap =1{7€Q": ¢ ¢ (a,b] forall i€ [n—1]}.
Then for all ¢ € @y,

Vn (q7 {heLb: hia) <h(d)}N Be(g)> —0,

since v, (g, -) is supported on the set of step functions that have no jumps on

(a,b]. Moreover, due to the inclusion Q" \ Q1 , € U=, LQr b,i» Where Q7 =
{ge[0,1]""1: ¢ € (a,b]}, and the equality 5( ) = &(b), we have

n—1

uf Qn\Q ZH’E abz / H i — di— 1 §®(n 1)()
Q4 Jbyi =1
< Z(f(l) —£(0)"*(E(b) = &(a)) = 0.

i=1

Thus, Z(B.(g)) = 0. This finishes the proof of the proposition. ]

Corollary 1 Iff¢ > n, then supp =, = LT( &N{g € LT g < n}. Otherwise,
=, =0.
Proof The inclusion supp =,, C LT( &n{g e LT fg < n} immediately follows
from Proposition 2 and Lemma 2 (ii).

Next assuming £ > n, we prove that

En(B:(9)) >0 (11)

for all g € LY()N{g € L} : #g < n} and & > 0. Since the close of {g € L :
tg = n} N L&) in L] coincides with {g € L] : #g < n} N L1(€), it is enough
to prove inequality (11) for functions of the form

9=x(¢,2), (g.7)€Q" x Ey.

So, fixing g = x(¢, ) for some (¢, z) € Q™ x E, similarly as in Step I of
the proof of Proposition 2 we can show that =, (B:(g)) > 0. Hence, supp =,, =
Ly n{ge L}: tg <n}.

If 4 < n, then Lg(ﬁ) N{g € Lg : #g = n} = 0, by Proposition 14.
Consequently, Proposition 2 together with Lemma 2 (7i¢) yield =, = 0. a
Corollary 2 The set STNLL () has full measure =, that is, Z(L}(£)\S) = 0.

Proof The corollary follows from the definition of the measure = and Corol-
lary 1. O
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5 Definition of the Dirichlet form in the general case

In this section we define the Dirichlet form in general case. As before, we will
assume that & € DT is a bounded function that generates the measure = on
Lg. Since this measure is supported on the space Lg(f), hereinafter we will
work with spaces L}(€) and Ly(€) instead of L} and L. Let Ly(L1(€), Z) or

—

simpler Ly (=) denote the space of S-integrable functions on L} with the usual
norm || - ||, (=) and the inner product (-,-)r,(=)-

5.1 A set of admissible functions on L} (¢)

Let Cp°(R™) denote the set of all infinitely differentiable (real-valued) func-
tions on R™ with all partial derivatives bounded and C§°(R™) be the set of
functions from Cp°(R™) with compact support. In this section we want to de-
fine the class of “smooth” integrable functions on L;(f). Since Lg(f) C Ly (),
it is reasonable to consider functions of the form w({-, h1),..., (-, hmn)), where
u € Cp°(R™) and hj € Lo(€), j € [m]. But in general, these functions are not
integrable with respect to the measure =. So, we will cut off they by functions
with bounded support in Lg(g). Let FC denote the linear space generated by

functions on L}(€) of the form

U=u(( ), Cohn))e(l - 13) = ul( )] - 13), (12)
where u € Cg°(R™), ¢ € Cg°(R) and hj € Ly(§), 5 € [m].

Remark 11 (i) The set FC is an associative algebra, in particular, U,V € FC
implies UV € FC.
(i) Since each U € FC has a bounded support, FC C Ly(L}(€), Z), by Re-
mark 9.
(iii) For each n > 2 and ¢ € Q™ the function x — U(x,(g,z)) belongs to
C§°(E™) and, similarly, © — U(x1(x)) belongs to C3°(R).

Proposition 3 The set FC is dense in Ly(LY(€), Z).
Proof Let ¢, € C5°(R) take values from [0, 1] and satisfy

() 1, |z|<n?-1,
n(T) =

4 0, |x|>n?,
and let U € La(Z). Since

U= Uenl- B = [ U39 (1= 0n (I91B)” S(do)
L (8)

= | U@ (1= (I9]5))" Z(do)

S/ U%(9)Z(dg) - 0 as n — oo,
B

c
n
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where B, = {g € L}(€) : |lg|la < n}, it is enough to show that Ug, (] - ||2)
can be approximated by functions from FC.

Let U, be the restriction of U on the ball B,,. Since U,, € Lo(B,, Z|p,)
and the restriction =|p, of = on B, is a finite measure, the function U,, can be
approximated in Lo(By,, Z|p, ) by functions of the form w({-, h1),..., (-, hm)),
where u € Cp°(R™) and h; € Ly(), j € [m], by the monotone class theorem

(see, e.g. A0.6 [52]). Thus, for a fixed ¢ > 0 there exists a function U =
w({-;h1),..., (-, hm)) such that

| (valo)-0t0)) =tdg) <<

Consequently,
2

.., (Caren (i) ~Dloren (1) (o
- [ (v -T0))" & (1sl) Z(a)
<[ (00 -T19) =) <

B

n

It proves the proposition. O

5.2 Differential operator and integration by parts formula

In this section we define the differential operator D on FC.
For each U € FC given by (12), i.e. U = u((-,h1), ..., (-, hm))o(|| - |13), the
differential operator is defined as follows

DU(g) := pr, [V*2U(9)] = ¢(ll9]3) Zau 9. h)) prg hj+u((g, ))&’ (Ilg]3)29,

where VL2 denotes the Fréchet derivative on Ly and dju(y) = 2, u), v €
J

R™. For any function U € FC, DU is define by linearity.
A simple calculation gives the following statement.

Lemma 7 For all (q,z) € Q™ X E{}, n>2,

]I[ ) )
D n(q, (g, Qz—h(h)
X q 8 X q ))(Qi—qz;l)
and p

DU (x1(x)) = %U(Xl(x))ﬂ[o,ly

In particular, for each i € [n]

<DU(Xn(an))7]I[qi71,qi)> = <VL2U(XTL(Q7I))’H[Qifl,(h)> = %U(sz(qyaf))
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The definition of the differential operator and Lemma 7 immediately im-
plies some trivial properties of D.

Remark 12 (i) For each U € FC, DU maps L} (€) into Ly(€) and, in general,
DU is not continuous, since pr. h is not, for each non constant function
h € La(§).
(ii) D is a linear operator satisfying the Leibniz rule.
(iii) For each U € FC, f € Ly(€) and g € LI(¢)

U(g+epr, f) ~Ul)

D;U(g) = (DU(g), f) = lim

Now we prove the integration by parts formula. For this we first define
the second order differential operator on FC in a similar way as in the finite
dimensional case. We set for U € FC

n 2
Zi:l %U(XH((LI))%a g = XTL((Lx)v n Z 2a
i (¢i—qi-1)

) €Q" x Ena
LOU(Q) — 2 (q CC) Q 0
12U (xa (@), z eR,
0, otherwise.

Using a simple calculation and Remark 4, we can prove the following
lemma.

Lemma 8 IfU € FC is given by (12), then

LoU(g) = ¢(llgl3) Zaau (g, 1) (pry his pry hs)

i,j=1
+u((g,h)) [40" (912 llgl3 + 2¢"(llglI3) - 4]

+223u 9, 0)¢' (I9113)(pry hirg), g€ ST,

and

LoU(g) =0, g€ Ly©\S".
Theorem 3 (Integration by parts formula) Let U,V € FC. Then

/. 0U).DV@)S) =~ [ LUeVig)Zs)
Ly(8) Ly (8)

- [ VigvHU(g) - DU(9). ) 5(dy).
L(6)
In particular, if U is given by (12), then

/ (DU(g), DV (9)) = (dg) = / LoU(g)V (9)(dg)
L) L)
m (14)
- 1) (R, r, &) =(dg).
/L (e g ¢~ pr, €)= (dg)
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We remark that V20U (g)—DU (g) coincides with the projection of VZ2U(g)
on the orthogonal complement of Ls(g) in Lo.

Proof (Proof of Theorem 3) To prove the proposition, we will use Lemma 7
and the integration by parts formula for the Riemann integral.

So, first we note that
| oUu@.DvesE =~ [ LUGV@EE).  05)
L (&) LL(€)
Indeed, by (5) and Remark 11 (iii),

/L T(§)<DU(9),DV(g)>51(dg) <DU(><1( 1), DV (x1 () dz

:/R%< () 2V (
- (o) vou

- [ LUV @)=,
L,y(8)

&‘&\

(x)))dx

Next, we check that for each n > 2

/ (DU(g). DV (9)) Zn(dg) = — / LoU(g)V (g) Zn(dg)
LI(€) L) (16)

- / (V22U (g) - DU(g), )V (g)Zn_1(dg).
LI(©)

To show this, we reduce the integral over =), to the Riemann-Stieltjes integral
similarly as in the previous case. So, by Lemma 2 (i), we have

/ (DU(g), DV (9)) Zn(dg)
LI

= [ T = a0 | [ DUG00), DV (D)) | a6
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Next, we fix ¢ € Q™ and apply to the integral over A,, the usual integration
by parts formula. Consequently, using Lemma 7, we obtain

| (DU G(a.). DV (x(a. ) o)

ox; qi — ¢i—1

-/ ) (;;U(x(q,x))) — L V(g ) Aa(d)

qi — qi—1

:/Z 6.U(X(q’$)) OV (x(q. ) ——An(da)

Ti=Tig1 ) (dx(i))

zi=zi_, 48— di-1

where () = (z1,..., 2 1, Tip1,...,Tp), To = —00 and T, 11 = +00.
By the definition of the operator Ly and Lemma 2 (i), we have that

- i —qi—1) | 11(q)de® Y (q) = — LoU(9)V(9) =, (dg).
/ n(}]l<q ’ >> @V =~ [ LU @Vi9)Z )

Next we rewrite I5(q). By Lemma 7, we obtain

zi=zit1 An—1 (dx(l) )

TITTISL g = Qi1

I q) :Z/En71 [<VL2U(X(Q5I))v]l[qi,l,qi)>V(X(q,z))}

- z_: /En*l <VL2U(X(q(i)7$))7 ei(q) — 6i+1(Q)> V(x(q(i),:c)))\n,l(dx),

where ¢ is defined similarly as (), removing the i-th coordinate, and e;(q) :=
Iy 1.,
ﬁ, i € [n]. For a simplification of notation, we denote

n

enlq) = H(Qi = gi-1)-

Then
[ aon@iee =3[ ][ a@(@=uaa.m.aqo

- @)V (a2 0) 3,1 ()

_ Lo et (7000, 169)

V(g 2))de®n ) (gt >>]An1<dx>,
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where

Fa) /qz'+1 (Git1 — @) (¢ — qi—1) (ei(q) — eir1(q))dé(gr).

Qi1 Gi+1 — Qi—1
Integrating by parts, we obtain

. qi+1 . . T .
f(q(l))(T) = (/ Mdf(%) _/ Wdf(%)) H[qi—l,%+l)(r)

qi+1 — qi—1 i1 di+1 — Gi—1

qi+1 — qi—1

= (1 <€7H[qi715qi+l)> - f(’l“)) H[Qi—17Qi+l)(r)’ re [07 1}'

Hence,

[ eon@iee = [ an@| [ (VEUKGD)PrnE-6)

V(e x))An_xdx)} 4e2-(g),

where T is any point from Ej " (here PI'y(q,5) = Ply(qp for all 7,y € Eph.
This immediately implies

/n <H(Qz - %—1)) IQ((])df@(’ﬂfl)(q)
i=1

- / (VP20 (g), € — pry )V (9) En-1(dg)
L)

—— [ (9"Ulg) - DU(9), )V (9) 51 d),
L)
where we have used the trivial equality

(V¥2U(g) = DU(9),€) = (VU (9),€ — pry§) (17)
It proves (16).
Next, summing (15) and (16) over n and using Remark 9, we obtain the

integration by parts formula. (14) easily follows from (17) and the equality
(g, pry € — &) = 0. The theorem is proved. a

The same argument as in the proof of the previous theorem gives the
adjoint operator for Dy = (D-, f), f € Lg(ﬁ)

Proposition 4 For each U,V € FC and f € Ly

. o) ViEUe) = [ UleDVig)=s)
Ly (&) Ly(&)

- [ U@Vi)f.g - pr, €)=,
L)
Remark 13 The adjoint operator for Dy is given by the formula

D3U(g) = —-D;U(g) — (f.€ — pr, &)U(9), g€ L}(€), U e FC.
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5.3 The Dirichlet form (€,D)

We define

EU.V) = l/m (DU(g), DV (9))=(dg), U,V € FC.

Then (&, FC) is a densely defined positive definite symmetric bilinear form on
Lg(Lg (€), =), by Proposition 3. The integration by parts formula implies that
there exists a negative definite symmetric linear operator L on Ly(Z), given
by

LU(g) : = 5 [LoU(g) + (V**U(g) — DU(9),&)]

m

LoU(g) + o (llg112) Z WE—prg& )|, g€ Ly,

N [\')\)—l

(18)
it U € FC is defined by (12), such that
E(WU,V) = —(LU,V)1,(5)-
Consequently, by Proposition 1.3.3 [39], (£, FC) is closable on Ly(Z).
Definition 1 The closure (£, FC) on Ly(Z) is denoted by (€, D).
Remark 14 We can extend the differential operator D to D, letting

DU := lim DU, in Lo(Z),

n—oo

if {U,, n > 1} C FC converges to U € D with respect to the norm 51%, where
E1:=E&(,") + (-, ) Lo(z)- Then, for all U,V € D

£U.V) =3 [ (DU DV(9) =) (19)

Next we are going to check that (£,D) is a Dirichlet form. For this we need
an analog of the chain rule.

Lemma 9 Let F € CY(R¥), F(0) = 0 and U; € FC, j € [k]. Then the
composition F(U) = F(Uy,...,Uy) belongs to D and

k
- ZajF(U(g))DUj(g)a g € LY(&).
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Proof We will prove the lemma, using the approximation of F' by the Bernstein
polynomials and the fact that FC is an associative algebra (see Remark 11 (i)).

Since Uj, j € [k], belong to FC, they are bounded by a constant M, i.e.
|U;(g)] < M for all g € L(€). Next let polynomials PM(F;.), n > 1, be
defined by (39). Then by Lemma 16,

|PM(F;U(g)) - F(U(9)| < sup |PM(F;2) — F(2)| Luppu(g) — 0,
2€[— M, M]k

as n — 0o, where suppU := U§:1 supp U;. Hence, by remarks 9, 11 (ii) and
the dominated convergence theorem, we have that {PM(F;U)},>1 converges
to F(U) in Ly(Z).

Remark 11 (ii) and the fact that PM (F;0) = 0 imply that PM (F;U) € FC.
Moreover, the Leibniz rule for D (see Remark 12) yields

DPM(F;U)( Za PY(F;U(9))DU;(9). g € Ly(§).

Using the estimate

|0; P (F;U(g))DU;(g) — 0,F(U(9))DU;(9)|
< sup |5ij(F;$)—3J‘F($)HDU (9,
z€[—M,M]*

Lemma 16 and the dominated convergence theorem, we obtain that
{DPM(F;U)},>1 converges to Z?Zl 0;F(U)DU; in Lo(Z). It finishes the
proof of the lemma. O

Corollary 3 For each u € C}(R™), hj € Ly(£), j € [m], and ¢ € C5°(R) the
function U = u({-,h1),..., (- hm))o(]| - |2), belongs to D and DU is given by
formula (13).

Proof Let ¢ € Cg°(R) and ¢ = 1 on supp ¢. We set
Vi=(oh(-13), J € [ml,

and
Vi1 = ([ - 13)-

It is easy to see that V; € FC for all j € [m + 1] (since (-, h;) can be replaced
by u((:, h;)) in the definition of V; for some u € Cg°(R)). Then, by Lemma 9,

U=FMW,...,Vi,Vins1)

belongs to D, where F(z1...,Zm,Tms1) = w(T1,...,Tm) * Timy1. Moreover,
a simple calculation gives that DU = DF(V) is given by (13). It proves the
corollary. 0O

Next we give the analog of the chain rule for D that easily follows from
Lemma 9 and the closability of (£, D).
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Proposition 5 Let F € C}(R¥), F(0) = 0 and U; € D, j € [k]. Then the
composition F(U) = F(Uy,...,Uy) belongs to D and

k
DF(U)(g) =Y _9;F(U(9)DUj(g), ¢ € Ly(&).
j=1

Now we are ready to prove that (£,D) is a Dirichlet form on Ly(L}(€), ).
For U,V : L}(€) = R we set

UAV =min{U,V} and UVV =max{U,V}.

Proposition 6 The bilinear form (£,D) is a symmetric Dirichlet form on
Lo(LY(€), 2), that is, for all U € D the function (U V 0) A1 belongs to D and

E(UVO)AL (UVO)AL) < EU,U).

Proof To prove the proposition, we need to show that for each U € D and
€ > 0 there exists a function F; : R — [—&,1 + ¢] such that F.(x) = z for all
z€[0,1],0 < Fo(x3) — Fe(xy) <xo —xq if &1 < g, F.(U) € D and

limsup E(Fe(U), F=(U)) < €(U,U),
e—=0
according to Proposition 1.4.7 [39].

We take for € > 0 an arbitrary non decreasing continuously differentiable
function F; : R — [—¢,1 + ¢] such that |F'(z)| < 1, z € R, and F.(x) = z for
all x € [0,1]. Then it is clear that 0 < F.(z2) — Fe(z1) <@g — 27 if 21 < 25,
By Proposition 5, F.(U) € D and

e—0 e—0

timsup E(F(U), F+(U)) = 4 limsup / o PO IDU ()33 ) < £@,0)

It proves the proposition. O

Lemma 10 Let U,V inID. Then UV YV €D and

EUVV,UVV)<EUU)VEWV,V). (20)
Proof The fact that U VV € D follows from Proposition 1.4.11 [39]. Inequal-
ity (20) can be proved similarly as Lemma IV.4.1 [39]. O

Lemma 11 Let U,V € D and |U|V ||DU||2 is bounded Z-a.e. Then U -V € D
and D(U - V)= (DU)-V +U-DV.

Proof The lemma follows from Corollary 1.4.15 and Proposition 5, using an
1
approximation (w.r.t £2-norm) of V' by bounded functions. O

6 Quasi-regularity of the Dirichlet form (£,D)

In this section we prove that (£,D) is quasi-regular that will imply the exis-
tence of a Markov process in L] (£) that is properly associated with (€, D).
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6.1 Functions with compact support

The aim of this section is to prove that the domain ID of the Dirichlet form
contains a rich enough subset of functions with compact support.

Lemma 12 For eachp € [2,3], go € L&) and ¢ € C5°(R) the function o(||-

—gollh) belongs to D. Moreover, D(|| - —gol3)(9) = 2¢(|lg — g0[13) Pry(9 — 90)
for all g € La(5).

Proof For simplicity we give the proof for gy = 0.

Let {n}n>1 C Loo be a dense subset in Ly with [yl = 1, where £ 41 =
1. Then

/O g(ha(s)ds|.

lgllp = sup [(g, hn)| = sup
n>1 n>1

Next we take functions 91,192 € C5°(R) such that ¢y = 1 on [-M —
1, M + 1], suppyy C [-2M — 2,2M + 2], 12 = 1 on [—M, M| and supp ¢ C

[—M —1, M +1], where M is chosen such that the interval [-M %, M %] contains
supp ¢, and define for each n > 1

Unlg) = max |(g ha)"r (llgl2), 9 € L2 (&),

Valg) i= olUn(@)allol}) = o (maxl(o kP ) eallalB). g € LE(©).

Let us note that U,, € D, n > 1, by Corollary 3 and Lemma 10. Hence, due to
Proposition 5, V,, also belongs to D for all n > 1.

By the choice of the function 19, it is easy to see that for all g € L/IE

Valg) = @llgllp)v2(llgll?) = e(lgll}),  as n— oo,

and, consequently, {V, },>1 converges to (|| -||[F) Z-a.e., by Corollary 2. More-
over,

Va(g) — (gl < 2llellocligiz<rrsry, n =1

The dominated convergence theorem implies that {V},},>1 converges to o(|| -
[5) in Ly(Z).
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Next, using Proposition 5 and Lemma 10, we can estimate

1 -
£04 V) < 31N [ DU I3E)

2

+2/lell2, (@5 (19112)* l913= (dg)
L)

1 _
< S lalman [ [utloln?io. ) or,
2 i€[n] L;(&)

+4lg, R (41 (1913))* 93] 2 (dg)

22 1% / BT <areny =)

i

1
<SPPIl 15 a1z I3

e B2ty ol 3Lz <1y 5 (dg
ie[n]/L;@@ Pl prg hill2Lygpz<nr1) = (dg)

+ 2[5 1212 11113 /ﬁ(@ (g, ha) P9 l13T 1 g13<200 423 = (dg)
2

+2llBlldlE [ ol Sdo)
Li(€)
Using Holder’s inequality |(g, hi)| < ||hillqllgllp = llg|l, and Lemma 3, we have
that

SupE(Vi Vi) < o0,

neN
ifpe (23]
Hence, Lemma 1.2.12 [39] yields ¢(|| - [[F) € D and
£ 1) (1 - 12)) < limint £(V, Vo). 1)
In order to compute D (|| - —gol|3), we take an orthonormal basis {h, }n>1

in Lo and note that

o0

lg = goll* =>_ (g, hn) — (g0, hn))?.

n=1

Taking ¢ € C§°(R) such that » = 1 on an interval [—M, M] that contains
supp ¢ and setting

n

Wa(9) = ¢ (Z((g,hﬁ - <90ahi>)2> Y(lgll3), g€ L),

i=1

a simple calculation shows that

W = o(|| - —goll3)
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and

IDW:, = D[ - —goll3)]l2 — 0

in La(Z) as n — oo. The lemma is proved. O

Corollary 4 For each ¢ € CP(R) and go € Lg(f) the function U = || -
—goll2¢(|| - [I3) belongs to D. Moreover, |[DU|| < 1 Z-a.e. on B, = {g €

LyE): lglle <7}, if o =1 on [=12,r?.

Proof We take ¢ € C5°(R) such that ¢ = 1 on an interval [—M, M| which
contains supp ¢. For each § > 0, we set

Vs(g) = (Ilg — goll3 v 8*) ¢(llgl3), g€ L}(€).

Let 95 € Cp°(R) and ¢5(x) = /|z| for all 6 < [x| < sup, [Vs(g)[- Then by
lemmas 10, 12 and Proposition 5, the function Us = t5(Vs)e(|| - [|3) belongs
to D and

E(Us,Us) < C <0

for all § > 0. Since Us — U = || —goll2¢o(]| - [|3) in L2(Z) as § — 0, the function
U belongs to D, by Lemma 1.2.12 [39].

A simple calculation shows that |[DUs|| < 1 Z-a.e. on B, (if ¢ = 1 on
[—72,72]). Hence, by Lemma 1.2.12 [39], |DU|| < 1 Z-a.e. on B,. O

Let FCq be the linear span of the set of functions on Lg(f) which have a
form

U=u((ha), - (5 hm)) e - [15) = w(C )] - 117), (22)

where p € (2, 2], u € C°(R™), ¢ € C§°(R) and h; € Ly(€), j € [m].

Remark 15 Each function from FCy has a compact support in Lg(g), by
Lemma 5.1 [31].

1
Proposition 7 The set FCyq is dense in D with respect to the norm E7 .

Proof First we note that by Proposition 5 and Lemma 12, FCy C D.

To prove the proposition, it is enough to show that each element of FC can
be approximated by elements from FCg. So, let U € FC is given by (12), i.e.
U = u((-,h))p(|| - ||3). By the dominated convergence theorem and Lemma 4,

Up =u((0)e(ll - [[}) = U in Ly(Z) as pl2.
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Next, using Proposition 5, we can estimate,

— 1 2=
=3 /., [P @IE=Es)

2

<2m 12/ *(lgllp)(@u((g, 1)))?[| pry hylI3Z (dg)

E(Uyp, Up)

+2m_1/T (u({g, D)) [IDee(l - 15) (9)15Z (dg)
L5 (©)

<2 Ul Y Iosullll | o(lelp) =)

j=1 2(&
+ B el - 1), el - 1) < €

uniformly in p € (2, 2], by estimate (21), Lemma 3 and the inequality | g||> <
gl for p > 2.

Hence, by Lemma 1.2.12 [39], there exists a subsequence {Up, }x>1 (px | 2)
such that its Cesaro mean

1
in D (w.r.t. £Z-norm) as n — oo. Since, FCy is linear, V;, € FCo, n € N. So,
it gives the needed approximation. The proposition is proved. a

6.2 Quasi-regularity and local property of (£,D)

The aim of this section is to show that (£, D) is a quasi-regular Dirichlet form.
Let
Dy = {UeD; U=0 Z-ae. on Lg(g)\K}.

We recall that an increasing sequence {K,},>1 of closed subsets of L) is
called an E-nest? if |J°°, Dk, is dense in D (w.r.t. £2-norm).

Proposition 8 The Dirichlet form (£,D) is quasi-regular, that is, it has the
following properties

(i) there exists an E-nest {Kp}n>1 consisting of compact sets;

(i) there exists a dense subset of D (w.r.t. 51% -norm) whose elements have
E-quasi-continuous =-version; _

(iii) there exists U, € D, n € N, having &-quasi-continuous =-version U,
n € N, and an E-exceptional set A C L;(f) such that {[NIn, n € N} separates
points of LY (€) \ A.

2 The definitions of E-nest, £-quasi-continuity, quasi-regularity and local property are
taken from [39] (see definitions I11.2.1, II1.3.2, IV.3.1 and V.1.1, respectively)



36 Vitalii Konarovskyi, Max-K. von Renesse

Proof Properties (ii) and (ii4) follow from the fact that FC is dense in D (w.r.t.
Eé—norm) and FC separates points, since {(-, h), h € Ly} separates the points
of L (&).

To prove (i), we set

Ko={9€13(©) llglss <n}.

Then {K,, },>1 is an increasing sequence of compact sets, by Lemma 5.1 [31].
Moreover, it is easily seen that

FCy C G D, .

n=1
Consequently, Proposition 7 yields (). It proves the proposition. O

Proposition 9 The Dirichlet form (£,D) has the local property, that is,
EWU, V) =0 forallU,V € D with supp(U-=)Nsupp(V-Z) = 0 and supp(U-Z),
supp(V - Z) compact.

Proof Let U € D with Ky := supp(U - &) compact. First we note that the
equality U = 0 Z-a.e. on a ball B,.(go) = {g € LY(€) : |lg — goll2 < r} implies
DU =0 Z-a.e. on B,.(go). Indeed, let Ky C Bgr(go) for some constant R > 0.
We take € € (0,1) and ¢ € C§°(R) such that p(x) = 0 for all |z| < (1 — &)r?
and ¢(z) = 1 for all 72 < |z| < R% Then by lemmas 12 and 11, we can
conclude that for all g € Lg(f)

DU(g) =D [Uep(|| - —g0I3)] (9)
= (DU(9))e(llg — 90l13) +2U(9)# (llg — 90l13)g-

Hence DU(g) = 0 Z-a.e. on B(1_.),(go). Since ¢ is arbitrary, we obtain DU = 0
Z-a.e. on B(go).

Next the statement trivially follows from (19). The proposition is proved.

O

We also give some variant of the local property of (£,D) which will be
needed in Section 7. The definition is taken from [5, 9].

Lemma 13 For each U € D and F,G € C}(R) with supp F Nsupp G = 0,
E(F(U) - F(0),G(U) - G(0)) =0.

Proof The lemma immediately follows from Proposition 5. a
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6.3 Strictly quasi-regularity and conservativeness in a partial case

In this subsection we will suppose that & is constant on some neighbourhoods
of 0 and 1, i.e. there exists § € (0, %) such that £(u) = £(0), u € [0,0), and

>
E(u) =¢£(1), u e (1—246,1]. Also, we set
1 1
h1 = SH[O’J) and h2 = SH[1_571]. (23)

In this case, the space Lg(ﬁ ) is locally compact, that immediately follows from
Lemma 5.1 [31] and the following lemma.
Lemma 14 For allp > 2 and g € L}(€) llgllp < [{g, h1)| V [{g, ha)| < %Hgﬂg.
Proof Since g € Lg(ﬁ), Proposition 14 implies that g is constant on [0,d) and
(1—90,1]. So,

(9:h1) = g(0) and (g, h2) = g(1).

Moreover, |g(u)| < |g(0)] V |g(1)| for all u € (0,1), since g € DT. Hence, using
the Cauchy-Schwarz inequality, we obtain

lgllo < 19(O)| V |g(D)] = [g, hi)| V [{g, ha)| < %”9”2-

The lemma is proved. a

Proposition 10 The Dirichlet form (£,D) is strictly quasi-regular and con-
servative.

Proof To prove the strictly quasi-regularity, it is enough to check that (€, D) is
regular® according to Proposition V.2.12 [39]. Hence, it is needed to prove that
FC is dense in Co(LJ(€)) with respect to the uniform norm, where Co (L3 (£))
denotes the space of continuous functions on Lg(&) with compact supports.
But this easily follows from the Stone-Weierstrass theorem, Remark 11 and
the fact that each ball in L}(€) is a compact set.

The conservativeness of (£,D) will follow from Theorem 1.6.6 [24]. Thus,
it is enough to show that there exists a sequence {U,, n > 1} C D such that

0<U,<1, limU,=1 Z-ae. (24)
n— o0
and
ILm EWU,,V)=0 (25)

for all V e DN Ly (L1(€), 5).
For each n € N we take a function 1, € C5°(R) satisfying

— supp ¥, C [-2n — 1,2n + 1], ¥(xz) = 1 on [—n,n] and ¥, (z) € [0,1] for
n < |x| <2n+1;

3 see e.g. the definition on p.118 [39]
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— YL (x)] < L and [¢)(z)] < € for all z € R and a constant C' that is
independent of n.

Also, we set
Un(g) = un(<gahl>7 <g,h2>), g€ L;(ﬁ) and n > 17

where up,(2,y) = V¥ () (y), x,y € R, and hy, he are defined by (23). Then
by Lemma 14, for each ¢ € C§°(R) satisfying ¢ = 1 on [—(2n+ 1)%, (2n +1)?]
the equality

Un(9) = Un(9)e(llgl3), g € L3(€),

holds. This implies that U, € FC and

2
1
LU = ) Z 0:0jun ({9, h1), (g, ha))(pr, hi, pry hj)

ij=1

2
5 D 0junlle, ), (g, ha))(E — e, & B, g€ LL(E),

Jj=1

for all n > 1, where L is defined by (18). By the construction of U, {U,, n >
1} satisfies (24). Moreover, using the Cauchy-Schwarz inequality, the trivial
inequality | pr, hll2 < [|hfl2 and the dominated convergence theorem, we have

for every V e DN Ll(Lg(f), =)
E(U,,V) = —(LUn,V)LT

Ly . ¢ Pl ) iy )V ()51

zyl

1 Z / Oyt ({9, hn) . (g h2))(€ — pr, &, ;) V (9)=(dg) — 0

L)

as n — o0o. The proposition is proved. a

7 Intrinsic metric associated to (£,D)

The aim of this section is to prove that Lo-metric is the intrinsic metric associ-
ated to (£,D) and to prove the analog of Varadhan’s formula. For this we will
use the result obtained in [5] (see also [27] for the Dirichlet forms on La(u),
where p is a probability measure).
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7.1 The boundedness of DU implies the Lipschitz continuity of U

In this section we prove that any function U from D with | DU|| < 1 Z-a.e. is
1-Lipschitz continuous.

Proposition 11 Let U € D and ||DUJ|s < 1 Z-a.e. on a convex open set
B C Lg({) Then U has an 1-Lipschitz modification U on B, i.e. there exists
a function U : B — R such that ={g € B: U(g) #U(g)} =0 and

U(g1) = Ulgo)l < llgr — goll2 (26)
for all go,q1 € B.

Remark 16 If U € FC, then

1
U(gr) - Ulgo) = /0 (DU(g2), 91 — go)t

for all gg, g1 € ST, where g; = go +1(g1 — go). This follows from the trivial fact
that o*(g¢) 2 0*(g1 — go) for all t € (0,1) and go, g1 € ST. Consequently, in
this case the statement holds.

Proof (Proof of Proposition 11) Step I. First we show that for each n > 1, (26)
holds =,-a.e on B. Let n > 2 be fixed. Since FC is dense in D (w.r.t. Sé-norm),
there exists a sequence {Uy }x>1 C FC such that Uy — U and |DU, —DU]||2 —
0in Lo(L1(€), ) as k — co. Hence, they converge in Ly (L} (), 5,,).
Let A C B such that Z(B\ A) = 0 and |[DU(g)|| <1 for all g € A. We
denote
An=AN{xn(¢,z): ¢€Q", z € Ej}.

Then by Remark 4 and Lemma 2 (iii), =,(B \ 4,) = 0. Since =, is the
push forward of the measure yy @ A, under the map x, (see Lemma 2 (i)),
it is easy to see that there exists Q1 C Q" such that u?(Qn \ @1) = 0 and
An(B(g)\ An(q)) =0 for all ¢ € @1, where A, (q) = {z € E} : xn(q,x) € Ay}
and B(q) = {zx € E} : xn(¢,z) € B}.

Next, we note that

[, 10o) - v@P=an
Ly(8)
and, similarly,

/Qn UE DUk (xn (g, %)) —DU(xn(q,x))H%)\n(dx)} 12 (dg) = 0
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as k — oo. Consequently, we can choose a subsequence {k'} C N (we assume
that {k’} coincides with N without loss of generality) and a measurable subset
Q> C Q" such that u?(Q” \ Q2) =0 and for all ¢ € Q2

[ 0.2 = Ulxa(a. o) PAa(dz) =0

(27)
[ IDUL(xa(a.2) = DU (g 2) BAa(d) 0
as k — oo.
Let g € Q1 N Q2 be fixed and
fk(x) ::Uk:(Xn(QMT))a S E(T)la
f(x) :=U(xnlg,; 7)), =€ Ey.
Then fi, k > 1, belong to C§°(E™) and
L Lt
DUL(xn(gy2)) = 37 20 Qo) ¢ (28)

0r; ¢ — Qi1

=1

by Lemma 7. We are going to show that DU (x,(g,-)) is also given by (28),
where the partial derivatives of fj is replaced by the Sobolev partial derivatives
of f.

So, first we note that DU (x,(q,)) can be given as follows

DU (xn(q, @ Zf [“;qm v € B},
— Gi-1

for some measurable functions f* : Ef — R, since the set {37, ;1 z € R"}

is closed in Ly(§). Moreover, by (27), we have that

[ 1) = @A (da) 0

—1,4i)”

and

/n Z [J” ag;(:j)} 2 (¢i — gi—1)An(dz) = 0

0 =1

as k — oo. It immediately implies that f belongs to the Sobolev space
HY2(ER) with fi = af . In particular,

[ 1@~ [ Fostaan (20)

for each ¢ € C§°(R™) with supp ¢ C EJ and f, fi, i € [n], equal zero outside
E™.
Next, let ¢ € C§°(R™) be a non negative function with

/n o(z)dz = 1.
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Then the convolution
fe@)=Froel@) = [ fW)eelz—y)dy, @ €R,
where . (z) = e "p(ze71), belongs to C>°(R") and converges to f A,-a.e. on
E§. Moreover, by (29),
3](;;(:6) = ' # pe(x)

for every x € EJl and all € > 0 satisfying supp p.(z —-) C Ef.

We recall that B(q) = {z € EJ : xn(q,z) € B}. Let B(q) # 0. It is easily
seen that B(g) is an open convex subset of EJ. Then for each x € B(q) and
€ > 0 such that supp . (x —-) C B(gq) we can estimate

" (0f(2)\? LIy 1
Z( Ox; ) ¢ — qi—1 Z(f *pele ) ¢ — Gi—1

=1

Fi 2 _ _
<> [ Fwpete-piy—— /nzqz_qll Dy

i=1

= [ IDU a0 (o = w)0n )

- /B WGl v e —y)dy) <1
(30)

since ||DU(xn(q,-))|l2 <1 Ap-a.e. on B(q).
Let 20, 2! € B(q) and ¢ > 0 such that f.(z') — f(z') and supp ¢, (2% —
) C B(q), i = 0,1. Using the convexity of B(q), it is easy to see that

supp e, (z* —+) C B(q), te€(0,1),
where z! = 29 + t(2! — 2°). By Holder’s inequality and (30), we can estimate

(- ey = ([ rar) = ( [CEEE )dt>2
g/olil(aife(xt dth — —qi—1)

i=1
< ”Xn(%xl) - Xn(qax )”2

2

qi — qi—1

for all £ € (0, ¢0]. Hence using the convergence of f.(z*) to f(x?), i = 0,1, and
the previous estimate, we have that

U(x(q,2") = U(x(g,2°))| < lIxn(g:2") = xn(g, 2°)|l2- (31)

Since (31) holds for all ¢ € Q1 N Q2 and 2* € B(q), i = 0,1, such that
fe(z%) — f(x') as e — 0, we have that

[U(g1) = Ulgo)| < llgr — goll2,  Zn-a.e. on B, (32)
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due to the equalities pg (Q" \ (Q1 N Q2)) = 0 and A\, {z € B(q) : fe(z)
Fz)} = 0.

We also note that using the same argument, we can show that (31) holds
Zi-a.e. on B.

Step II. Let gn C B Nsupp =, such that =, (B \ En) = 0 and for all
go, g1 € gn (32) holds. Since =, (B \ gn) =0, En is dense in B N supp =,,.
Consequently, there exists a unique 1-Lipschitz function ﬁn :BNsupp =, -+ R
that is the extension of U to B N supp =,. Moreover, U,, = U Zj,-a.e. By the
uniqueness of the extension and Corollary 1, we have that U, = U,4+1 on
Bnsupp =, =Bn{ge LT fg <n}. So, we can well define

Usl9) =Un(g), g€ BnsuppZ, =Bn{geL): tg<n}.

Thus, Us is an 1-Lipschitz function defined on BN (U,.—, supp =) = BNST,
since for any go,g1 € BN ST there exists n € N such that gg,91 € BN {g €
LT : fg < n}. By the density of BN ST in B, we can extend Use to an
1- Llpschltz function U defined on B, moreover U = U Z-ae. on B because

—

Z(LY(€)\ 8T) = 0 (see Corollary 2). It proves the proposition. O

7.2 Intrinsic metric and Varadhan’s formula

Since the measure = is o-finite, we will define the intrinsic metric associated
to (€,D) using a localization of the domain D (see [5]). Let Lo(=") denote the
set of all measurable functions on L}(¢) and K,, := {g € LI(€) : |gll2 < n},
n € N. Then the family of balls { K, },>1 satisfies the following conditions

(N1) For every n € N there exists V;, € D such that V,, > 1 Z-a.e. on K,,;
(N2) U2, Dk, is dense in D (w.r.t. £2-norm).

Remark 17 We note that the family {K, },>1 is a nest. It is also a nest accord-
ing the definition given in [5], where the topology (on LI (€)) is not needed.

We set

Do ({Kn}) = {U € Lo(Z) there exists {U,}n>1 C D such that}

U=U, Z-ae on K, foreach n

and let Dyoep({Ky}) denote the set of all essentially bounded functions from
Dioc({Kn}). For U,V € Dy, where D), is the set of all essentially bounded
functions from I, we define

Iy (V) =28(UV,U) — E(U? V).

By the locality of (£,D) (see Lemma 13), I;(V) and DU can be well-defined
for all U € Dypep({Ky}) and V € U,~ Dk, p», where Dg, , = Dg, N Dy,

setting Iy (V) = Iy, (V) and DU = DU, it V € Dk, , and U,, = U Z-a.e. on
K,
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We set
o0
Dy = {U € Dipey {Kn}) : Iy(V) < ||VHL1(_:) for every V € U ]D)Kmb} .
n=1

Remark 18 According to Proposition 3.9 [5], the set Dy does not depend on
the family of increasing sets { K, },>1 that satisfies (N1), (N2).

Lemma 15 The set Dy coincides with {U € Djpe s ({Kn}): |DU|2 <1 Z-a.e.}.

Proof The statement easily follows from the relation
(V)= [ IDU@IEV(9)Z(ds)
LL(&)

the density of FCx, = {U € FC: U =0 Z-ae. on L}(E)\K,}in L (K,,Z)
(w.r.t. L1-norm) and the duality between L1 (K, Z) and Lo (K, Z). O

We note that each U € Dy (or from Do ({K,}) satisfying [|[DUJj2 <
1 Z-a.e.) always has a continuous modification, by Proposition 11. Further,
considering such a function, we will take its continuous modification.

Theorem 4 The intrinsic metric for the Dirichlet form (€,D) is the Lo-
metric, that is, for all gy, g1 € Lg(f)
191 = goll2 = sup {U(g1) — Ulgo)}
Uebg
=sup{U(g1) —U(go) : U € Dypep({K,}), [IDU[2<1 EZ-a.e.}.

Proof The equality

U ]D oc, Kn )
USZHI;O{U(Ql) —Ul(go)} = sup {U(gl) —Ulgo) \Dgu;g bl({E-a}.)e. }

follows from Lemma 15. Proposition 11 implies the lower bound

U € Dipep({Kn}),
l91 = goll = sup {U(gl) —Ulgo) : HDUHzl <’b§{ E-i.)e. } '

To finish the proof, for g, g1 € Lg(f) and go # g1 we need to find U € Dy
such that U(g1) — U(go) = |lg1 — goll2- We take u € C}(R) such that u(z) = z
for all 2] < [[g1]l2 V [lgoll2 and |v/(2)] <1, z € R, and define

—u (9791—90> T
v = ( llg1 — goll2 ) » 9€L:0),

[{gi,91—90

Since Ug—toll < |igy 1, V [|ga|2, we have

U(g1) —Ul(go) = llg1 — goll2-
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Moreover, it is easy to see that U € Dy, and

DU(Q) — ul <<gvgl _gO>> prg(gl B gO)
H91 - go||2 ||91 —90||2 ’

by Proposition 5. Consequently, |[DU(g)[|2 < 1 for all g € L}(€). It proves the
theorem. 0

Next, let {T}}+>0 denote the semigroup on Lo(L1(€), 2) associated with
(€,D). For measurable sets A, B C Lg(g) with positive Z-measure we define

B = [ 140) Tis(e)S)

and
d(A,B) =essinf{|lg — fll2: g€ A, f € B}.

Theorem 5 For any measurable A, B C L}(€) with 0 < Z(A) < o0, 0 <
Z(B) < 00 and A or B open the relation

] d(4, B)?
}%tln P.(A,B) = ———
holds.

Proof The statement follows from the general result for symmetric diffusions
obtained in [5] (see Theorem 2.7 there) and Theorem 4. O

The following result is a consequence of Theorem 5.2 [5] and Theorem 4.
Let g — All2 == essinfreallg = fll2, g € L) ().

Theorem 6 Let A be a non empty open subset of L} (&) with Z(A) < oo and

O be any probability measure which is mutually absolutely continuous with
2

respect to =. Then the function u; = —tInTil, converges to % in the

following senses.
(a) wus - Iy, <o) converges to l=Alz I~ Alls<oc} i O-probability as t — 0.
(b) If F is a bounded function on [0,00] that is continuous on [0,00), then

F(ut) converges to F (%) in Ly(L1(€),0) ast — 0.

8 Sticky-reflected particle system

In this section we study some properties of the process associated with the
Dirichlet form (€,D). Let X = (Q,]:, (‘Ft)t207{Xt}t207{Pg}geLg(E)A) be a

Z-tight (Markov) diffusion* process with state space Lg({) and life time ¢
that is properly associated with (£,D). Such a process X exists and is unique

4 see Definition V.1.10 [39]
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up to Z-equivalence according to theorems IV.6.4 and V.1.11 [39]. We recall
that X is continuous on [0, (), i.e.

P, {t — X; is continuous on [0,{)} =1 for E-qe. g€ LI ).

We also remark that by Proposition 10, P,{¢ < oo} = 0 for £-q.e. g €
L1(), if € is constant on some neighbourhoods of 0 and 1.

8.1 X as Ly(§)-valued semimartingale

In this section, we show that the process Xy, t € [0,(), is a continuous local
semimartingale in Lg({) under P, for £-g.e. g € Lg( ). Letting

1 t
My = X; — 5/ (§ —pry, ds, tel0,Q),
0
the following theorem holds.

Theorem 7 There exists an £-exceptional subset N of Lg(f) such that for all
g € Lg(f) \ N and each (F;)-stopping time T satisfying Po{r < (} =1 and
Ey|| X7 |3 < 0o, t >0, the process M, t >0, is a continuous square integrable
(Fi)-martingale under Py in Lo(€) with the quadratic variation®

tAT
[MT)y = / pry ds, t>0,
0

where X[ := Xinr and M := Minr. In particular, for each hy,he € Lo(§)
the processes (M],h;), t > 0, i € [2], are continuous square integrable (Fy)-
martingales under Py with the joint quadratic variation

tAT
(M7 B, (M7, b)), = / (prx. ha, ha)ds, © 0.
0

Proof The statement easily follows from the martingale problem for X (see
e.g. Theorem 3.4 (i) [3]) and the fact that for all ¢ € C§°(R) with ¢ = 1 on
an interval [~C, C] and U(g) := (g, ) (lgl13), g € L5(€), we have

DU(g) =pryh and LU(g) = 5 (€~ pr, &b}

for all g € L1(¢) satisfying ||g||2 < C. O

Corollary 5 If £ is a constant on some neighbourhoods of 0 and 1, then for
E-qe g€ Lg(f) E,||Xt[|3 < oo, t >0, and the process My, t >0, is a contin-
uous square integrable (F;)-martingale under P, in Lo(§) with the quadratic
variation

t
[M]: = / pry, ds, t>0.
0

see Definition 2.9 [25] for the precise definition of quadratic variation of Hilbert-space-
valued martingales

5
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Proof According to Theorem 7, we only have to show that the processes X,
t >0, and My, t > 0, are square integrable, i.e. Ey|| X¢[|3 < co and Ey||M;||3 <
00, t >0, for £-q.e. g € Lg(g).

Let the E-exceptional set N of L}(€) be as in the Theorem 7. We set

N’ ;:Nu{geLg(g): Pg{<<oo}>0}.

Then N’ also is £-exceptional, by Proposition 10.

Let h; and hy be defined by (23) and g € L}(€) \ N’. Then by Theorem 7,
(My, hi), t > 0, i € [2], are continuous local (F;)-martingales under P, with
the quadratic variations satisfying

(M., hi)le < tllhill3, > 0.

Thus, by Fatou’s lemma E,(M;, h;)? < oo for all ¢ > 0 and i € [2]. Using
Lemma 14 and the boundedness of &, it is easy to check that X and M are
square integrable. This proves the corollary. a

8.2 Evolution of the empirical mass process

Let P, denote the space of probability measures on R with the finite second
moment. We recall that P, is a Polish space with respect to the (quadratic)
Wasserstein metric

dw(Vth):( wi |x—y|2v<dx,dy>),
Rz

vex(vi,ve)

where x(v1, v2) denotes the set of all probability measures on R? with marginals
v1, V2 € Py. We denote the push forward of the Lebesgue measure Leb on [0, 1]
under g € Lg(g) by g, that is,

1g(A) = Leb{u: g(u) € A}, A€ B(R).

Remark 19 The map ¢ is bijective isometry between Lo and Ps (see e.g. Sec-
tion 2.1 [10]).

Let
e i=1X(+,t), t>0, (33)

where 1A := A. We are going to show that the process i, t > 0, is a martingale
solution on [0, {) of the stochastic partial differential equation

dpiy = T(pe)dt + div(y/dWy), (34)
1

with (o, I'(v)) = 3 X scquppr @ (), a € C5°(R). In particular, it will imply
that (34) has no unique solution, since the modified massive Arratia flow is a
martingale solution of the same equation (see Section 1.3.1 [35]).
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Proposition 12 For each o € C}(R) and ¢ € C§°(R) the function

U(g) = / a(g(s)ds - (lglD), g€ L1,

belongs to D and

DU(g) = o' (9)¢(llgll3) +/0 alg(s))ds - 2¢'(|lg13)g, g € LE(€).

Proof The proof is given in the appendix. ad

Corollary 6 Let o; € CL(R), j € [m], ¢ € C°(R) and u € CL(R™). Then
the function

v = Cen(g(s))ds. ... / 1 am(a(9)ds ) (Lol -
)

u
=Uu

(/ gl ) o). g € LL(E),

belongs to D and
pU(s) = > oy ( [ aato)as) ' ellol)

u ( / a(g(s))ds) 20 (l9lD), g€ LIE).

Proof We take
F(z1,.. Ty Ting1) = (X1, oy T ) Tnp1, X E R™HL
Vilg) = /Olaj(g(S))dswg'(lgI%), g€ Ly, jem],
Vins1(9) = (llgll), g € L3(©),

where ¢; € C§°(R) with ¢; = 1 on supp ¢. Then by propositions 5 and 12,
the function

1
U(g)-u( / a(g(s))ds) 2(1912) = FOA®@), - Vinsa(9)), g € LLE).

belongs to D and (36) holds. The corollary is proved. O

Proposition 13 Let a; € CZ(R), j € [m], ¢ € C§°(R), u € CZ(R™) and the
function U be given by (35). Then U belongs to the domain of the generator L
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of the Dirichlet form &, that is Friedrich’s extension of (L,FC) (see (18) for
the definition of L on FC). Moreover,

m

LU(g) =5 | 3 didyu ( / 1a<g<s>>ds) - / " al((s))a (o(s))ds

3o ([ atotos) - [ L8l s
30 ([ atoloas) ¢lsl?) [ etotatoris

T ( / a(g(s))ds) 2" (19121913 + & (lgl2) -] . 9 € ST L(E),
i (37)

where my(s) = Leb{r € [0,1] : g(r) = g(s)} = Lebg~'(g(s)), s€0,1].
Proof To prove the proposition, it is enough to show that for each V € FC
EU, V)= —(LU,V),(=),

where LU is defined by (37). The proof of this fact is similar to the proof of
Theorem 3, using the trivial relation DU = pr, VI2U = VI2U. O

We set

MY(t) 1= (o ) — (s uo) — / F(ue)ds, >0,

where (a,I'(v)) = 1 Y vesuppr @ (), @ € C§°(R). Using the martingale
problem for X and Proposition 13, it is easy to obtain the following statement.

Theorem 8 There exists an E-exceptional subset N of Lg(f) such that for
all g € Lg(f) \' N, a € C§°(R) and each (F;)-stopping time T satisfying

P,{r < ¢} =1 and Eydw(uf,Leb)? < oo, t > 0, the process MZ(t), t > 0,
is a continuous square integrable (Fi)-martingale under Py in Lo(€) with the

quadratic variation
tAT 9
[ @y ne)as,
0

where pg, t > 0, is defined by (33), ui = pinr and MZ(t) == My (t A T).

The theorem immediately implies that u:, t > 0, is a martingale solution
of equation (34) on [0, 7].
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Corollary 7 If £ is constant on some neighbourhoods of 0 and 1, then for
E-qe. g € LY(€) the process My(t), t > 0, is a continuous square integrable
(Fi)-martingale under Py in Lo(§) with the quadratic variation

K 2
| (@ e as,
0
where pg, t > 0, is defined by (33).

Proof The corollary follows from Theorem 8 and the fact that E,||X;[|3 < oo,
t>0, for &-q.e. g € L1(€) (see Corollary 5). O

Letting for measurable sets A, B C Py and v € Py

dw(A, B) = essinf{dy(v1,12) : 11 € A, vy € B},
dyy (v, A) = essinf dyy (v, p),
peEA

we can prove the following theorem.

Theorem 9 Let £ be a strictly increasing function and X be the push forward
of Z under the map v. Then the following statements hold.

(1) For any measurable A,B C Py with 0 < X(A) < 00, 0 < X(B) < =0
and A or B open we have

dW(A7 B)2
72 .

limtln/ P, {p € B} X(dv) = —
t—0 A

(74) Let A be a non empty open subset of Pz with X(A) < co and let © be
any probability measure which is mutually absolutely continuous with respect
to X. Then the function vy = —tInP,—1 {u; € A} converges to M in the
following senses.

(a) vi - Iy, <0y converges to dW(é’A)z “Tgaw (-, A)<oc} i O-probability as t — 0.

(b) If F is a bounded function on [0,00] that is continuous on [0,00), then
F(vt) converges to F (dW(éi’A)z) in La(P2,0) ast — 0.

Proof The statement follows from theorems 5 and 6 and the isometry of
L&) = L] and P,. O
A Appendix

A1 LI(€)-functions

Let £ be a bounded function from DT and, as before, Lg (&) denote the set of functions from
Lg that are o*(£)-measurable.

Remark 20 (i) The space L; (&) is closed in Lg.
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(ii) Let f € Lg(f) and g be its modification from DT, then g is o* (£)-measurable.

In this section we give a convenient description of each function g € Lg (&) using its right
continuous modification.

Proposition 14 A function g € L; belongs to Lg(f) if and only if for all a < b from [0, 1]
the equality £(a) = &£(b) implies g(a) = g(b—) (Here, as usual, we take the modification of g
that belongs to DT ).

Proof Let g € Lg({) and £(a) = £(b) for some a < b and f is o(€) measurable with g = f
a.e. Note that such a function f exists according to Lemma 1.25 [28]. First, we note that
the sets

= ({rh) = {s € [0,1] : &(s) =1},
are the smallest in o(§), i.e. for any non empty set A € o(&) satisfying A C 7, we have
A = 7. Consequently, the set

B={se0,1]: f(a)= f(s)} Nme(a)

coincides with m¢(,) (B is non empty, since a € B). Next we note that [a,b] C 7¢(q) = B,
since & is non decreasing and £(a) = £(b). Consequently, f(a) = f(s) for all s € [a,b]. So,
trivially, the equality f = g a.e. yields g(a) = g(a+) = g(b—).

To prove the sufficiency, we first show that a function f is o(£) measurable, if f is Borel
measurable and

£(a) = £(b) implies f(a) = f(b) for all a,b € [0,1]. (38)

Let us define the function 7[£(0),£(1)] — [0, 1], that will play a role of the inverse function
for &, as follows
n(r) = min{s € [0,1] : &(s) = r}, 7€ [£(0),£(1)).

Then it is easy to see that n satisfies the following properties
a) 7 is a non decreasing left-continuous function;
b) n(&(s)) = 8, where 5= min{mg(q)}.

Using these properties and setting ¢(r) = f(n(r)), r € [£(0),£&(1)], we can easily see that
¢ is a Borel function and

?(&(s)) = f(n(&(s)) = f(5) = f(s), s€[0,1].

Thus, f is o(§)-measurable, as a compositions of Borel function with &.

Let for all a < b the equality £(a) = £(b) implies g(a) = g(b—). We are going to find a
function f that satisfies (38) and coincides with g a.e. Denote the set of all discontinuous
points of g by Dy that is at most countable, since g is non decreasing. Next, for all b € Dy
we note that b satisfies only one of the following properties

— £&(a) #&(b) for all a # b;
— there exists a < b such that £(a) = £(b) and, consequently, g(a) = g(b—);
— there exists ¢ > b such that £(b) = £(c) and, consequently, g(b) = g(c—).
Indeed, if there exist both a and c such that a < b < ¢ and £(a) = £(b) = &(c) then
g(a) = g(c—). But it contradicts the assumption that b is a discontinuous point of g.
We define

g(s), if s€0,1]\ Dy,
f(s) =4 g(s), if s€ Dy and £(a) =&(s) for some a < s,
g(s—), if s€ Dy and &(s) =&(c) for some ¢ > s.

Then f is a well-defined non decreasing function and, consequently, Borel measurable. More-
over, it is easily seen that f satisfies (38). So, f is o(§)-measurable. Since D, is at most
countable and {s: g(s) # f(s)} C Dy, we have that f = g a.e. So, g is 0*(£)-measurable,
by Lemma 1.25 [28]. It finishes the proof. O
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A.2 Multivariate Bernstein polynomials

In this section we give a slight modification of the result stated in [58] about uniform
approximation of a function and its partial derivatives by Bernstein polynomials.
For a function f : [0,1]* — R we define the Bernstein polynomials on [0, 1]* as follows

Bu(fiz)= Y f(j—l,...,j;’“) civ...clx

. " n
J1sedk=0

. w{l (1 — )71, .zi’ﬂ(l — )" Ik,
where CJ, = ],(nnilﬂ,, j € [n]U{0}.

Proposition 15 If f € CY(RF), then

(1) {Bn(f;")}n>1 uniformly converges to f on [0,1]%;

(1) {0:Bn(f; ) }n>1 uniformly converges to 9;f on [0, 1)% for all i € [k].

Proof The statement is a partial case of Theorem 4 [58]. ]

Next we would like to have a sequence of polynomials that approximate a function f on
[~M, M]*. We set for a fixed M >0

fu(z) = f2Mz — M),

PM(f;2) = Bn (fM;ﬁJré)an (fM;%), (39)

We note that PM(f;0) = 0. This property is important for us, since in this case the
composition PM (f;U) belongs to FC for U; € FC, i € [k], (FC is an associative algebra
that does not contain constant functions).

The following proposition is a trivial consequence of the previous proposition.

Lemma 16 Let f € CY(RF) and f(0) = 0. Then PM(f;0) =0 and

(1) {PM(f;)}n>1 uniformly converges to f on [—M, M¥;
(i) {0; PM(f;)}n>1 uniformly converges to 9;f on [—M, M]* for alli € [K].

A.3 Proof of auxiliary statements
A.3.1 Proof of Lemma 6

By Remark 5 (iii), prgy h belongs to L; So, we need only to show that it has a modification
taking a finite number of values. Consequently, using the linearity of pr, and Remark 4, it
is enough to prove that for any H := [a,b) C [0,1], pry Iy has a modification that takes at
most three values.

We set D,, = {2%, ke Z}, Sp =0o{[a,b): a<b, a,b€ Dy} and Fp, = g7 (Sp). Let
us note that {F,, n € N}, is increasing, since {Sy, n € N}, is. Moreover, it is clear that

o(g) = \/]—'n:a<U ]-'n).
n=1

n=1

By Levi’s theorem (see, e.g. Theorem 1.5 [38]),

]E(]IH‘]'—»,L) — E <]IH

oo
\/ .7-'n> a.e., as n — oo, (40)
n=1
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where E denotes the expectation on the probability space ([0, 1], B([0,1]), Leb). Since each
element of F, can be written as a finite or a countable union of disjoint sets Gy , =

gt ([2%, %)), k € Z, we obtain

I
E(lg|Fn) =Y ——="—Elyng,.,-
" gz Leb(G,n) k,

Next, by monotonicity of g, the set H can be covered by a finite number of Gy, j,, i.e there

exist integer numbers p; < pa such that
- H:= UZ2;1+1 Gin C H=a,b);
— a€Gpyn, bE Gpyon;
— for each k < py or k > p2, Gy, N H = 0.

Thus,
Iz

E(glFn) = —S0n g + - Smn gy EI
HV) = Leb (@) 000 T Leb () e L) B

Hence E(Iy|Fn) takes at most three values. By (40) and Remark 5, pr, Iy also takes at
most three values. It proves the lemma.

A.83.2 Proof of Proposition 12

Here we will use the probabilistic approach. We will consider functions from Lg (&) as random
elements on the probability space ([0, 1], B([0, 1]), Leb).
We note that the sequence of o-algebras

1—1 12 .
se=c(m =505 ) ieen), nen
increases to B([0,1]). Thus, by the Levy theorem (see, e.g. Theorem 1.5 [38]), for each

g€ LL©)

27!,
gn = E(g|Sn) =Y (9, h{)Ixn =g as. as n— oo,

i=1

where h]' = Q"HW;L. Consequently, by the dominated convergence theorem,

1 2" 1 1
/ a(gn(s))ds = Z a({g,h}))— — a(g(s))ds as n — oo.
0 0

n
i=1 2

Next we define
1
Un(g) = /0 olgn(9)ds - o(lgll3), g€ L1(©),

and note that U, € FC. Moreover, for all g € Lg(f)

1 2™ 1
57 2o (. h) pry W e(lal) +2 | algns))ds - ¢ (lalB)s

i=1

1
= pry o (gn)e(llgll3) + /0 a(gn(s))ds - &' (llg113)g-

DUx(g)

By the dominated convergence theorem (for conditional expectations) and Remark 5 (ii),

pry o (gn) = E(o/ (90)l0* (9)) = E(c(9)lo*(9)) = a/(9) as. as n— oo.
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Thus, using the dominated convergence theorem again, we have

Up, —-U and |DU,—-DUl|2 —+0 in L2(Z) as n — oo,

where U(g) = [y a(g(s))ds-¢(|lg]|3) and DU(g) = o’ (9)¢(llglI3) +2 [y e(g(s))ds ¢ (lgl3)g,
g€ L;(ﬁ) The proposition is proved.
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